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Nonlocal Symmetries and Associated Conservation
Laws for Wave Equations with Variable Speeds

A. H. Kara'® and Changzeng Qu?
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We show that one can generate a class of nontrivial conservation laws for second-
order partial differential equations using some recent results dealing with the
action of any Lie-Baklund symmetry generator of the equivalent first-order
system on the respective conservation law. These conserved vectorsare nonlocal as
they are constructed from associated nonlocal symmetriesof thepartial differential
equation. We demonstrate the complete procedure on certain classes of wave
equations with variable wave speeds. Some of these have been considered in the
literature using aternative methods.

1. INTRODUCTION

The generation of conservation laws of asystem of differential equations
from known ones using the symmetry properties of the system has been
investigated over the years. In the case of ordinary differential equations,
this result is well known as the “related integral theorem” and has found
widespread application, for example, in classical mechanics (see, e.g., Sarlet
and Cantrijn, 1981, and referencestherein). For asystem of partial differential
equations, a similar result has been established for canonical Lie-Backlund
symmetries (see, e.g., Ibragimov, 1985). This result was extended to any
Lie—Backlund symmetry without recourse to a Lagrangian formulation by
Kara and Mahomed (2000).
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Anco and Bluman (1996) present a detailed discussion on the local
nature of conservation laws derived from Noether’s theorem. Nonlocal conser-
vation laws are, by way of an identity, derived from nonlocal, canonical
symmetries without reliance on a Lagrangian. In this article, we apply the
identity derived by Karaand Mahomed (2000) to construct (nonlocal) conser-
vation laws from nonlocal symmetries (not necessarily canonical) for some
classes of wave equations with variable wave speeds. The nonlocal symmet-
ries are, to be precise, potential symmetries which are a subclass of nonlo-
cal symmetries.

To this end, we have the following definition with specific reference to
the wave equation:

Uy = Co(X) Uy (1.2)

where c(X) is the variable wave speed. Equation (1.1) can be written as the
first-order system

U = C(X)Vy, U = (1.2)

Then any (Lie) symmetry vector X = &d/ox + Td/dt + mad/ou + baldv of
(1.2) isanonlocal symmetry of (1.1) sincev containsintegrals of u (thislatter
statement is sometimes used as a formal definition for nonlocal symmetries).
Bluman and Kumei (1986) give a detailed classification of the Lie point
symmetries of (1.2) for some classes of ¢(x). Also, Anco and Bluman (1996)
present an account of nonlocal conservation laws of (1.1) constructed from
a formula involving canonical symmetries.

We briefly outline the notation and give the necessary preliminaries.

Letx = (x}, %%, ..., X") e R" bethe independent variables with coordi-
nates X, and let u = (U%, U?, ..., U™ e R" be the dependent variables with
coordinates u®. The partial derivatives of u with respect to x are connected
by the operator of total differentiation

d d

d .
Di=—S+tuW——+tu——+..., i=1...,n
ox au® auf

ur = Di(u"‘), Uﬁ = Dj Di(u“), e

The collection of al first derivatives u will be denoted by u,. Likewise,
the collections of all higher order derivativeswill be denoted by Uy, U, . . . .

Consider an rth-order system of partia differential equations of n inde-
pendent and m dependent variables,

EB(X, u, U(l), ey U(r)) =0, B =1,...,Mm (13)
We recall that a conserved form of (1.3) is a differential (n — 1)-form
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o =T(X U U, ..., U(rl))(% Qox'O...0 dxn)) (1.4)

Do = 0 (L5)

is satisfied for al solutions of (1.3) (D is the operator of total exterior
differentiation; see Anderson and Duchamp, 1984, or Kara and Mahomed,
2000, for a detailed analysis of total exterior differentiation).

Remark. When the above definitionissatisfied, (1.5) iscalled aconserva-
tion law for (1.3).
It follows from (1.5) that

DT =0 (1.6)

on the solutions of (1.3), which is also referred to as a conservation law of
(1.3). Thetuple T = (T4, ..., T" is called a conserved vector of (1.3).

We now review some definitions and results relating Lie—Backlund
operators and possible conservation laws for systems which may not be
derivable from a variational principle (see Ibragimov et al., 1998, and refer-
ences therein).

Suppose o is the universal space of differentia functions. A Lie—
Backlund operator is given by

0

9 9 J
X

Y, 17
e+ e U, L9

; d
X=g 5ttt

where £, n* e ¢ and the additional coefficients are
£ = Dy(W) + glug
ializ = DilDiz(Wa) + ‘gjuﬁliz (1'8)

and W is the Lie characteristic function defined by
We = — gue (1.9

The following theorem and definition are recalled from Kara and
Mahomed (2000).

Theorem 1. Suppose that X is a Lie-Backlund symmetry of the system
(1.3) such that the conserved form o of (1.3), given by (1.4), is invariant
under X. Then
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X(T) + D;ENT = TDjE) =0, i=1,...,n (1.10)

Definition 1. A Lie—Backlund symmetry X is said to be associated with
a conserved vector T (or its corresponding conserved form o) of the system
(1.3) if X and T satisfy (1.10).

2. APPLICATION TO THE WAVE EQUATION WITH VARIABLE
WAVE SPEEDS

21 c(x) = &
We first consider the case ¢ = €%, so that (1.2) becomes
U = eV, U = W (2.2)

It is shown in Bluman and Kumei (1986) that a Lie point symmetry generator
of (21) is
oD D0
X ot ov
which, consequently, is a nonlocal symmetry of (1.1). We use X to construct
an associated (nonlocal) conservation law for (1.1) by applying the identity
(1.10) and the conserved form (1.6) to (2.1). Equation (1.10) is the system

XTt+ TD& — TDyr =0,  XT?+ T?Dr — T'DiE = 0 (2.2)
where ¢ = 1 and T = —t and the conserved law (1.6) is
DT!+ D,T2=0 (2.3)

along the solutions of (2.1). As (2.1) is afirst-order system, we will choose
the conserved vector (T2, T2) to be independent of derivatives of u and v,
i.e., dependent on X, t, u, and v. Thus, (2.2) becomes

oTt 9Tt 9T 9T>  9T? aT?

- _vi_=ny ti-—vEi—=T2 (24
1.4 Jt v aX ot v

which has the characteristic form
d_x:ﬂ_ﬂ ar? dx:g_dv dT?

1"t v o' 1 -t —~v 1 @
Both equationsin (2.5) have invariantsc, = x + Int, ¢c; = u,and ¢z = x +
Inv, sothat T* = f,(cy, C,, C3) and tT2 = fy(cy, Gy, C3).

The conserved form (2.3) in expanded form is
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1 1 1 2 2 2
ﬂ.’-utﬂ_i_vtﬂ_}_ﬂ_}_uxﬂ_i_vxizo
ot Jau v X Jau v

aong the solutions of (2.1), so that
aT?! oT?! aTL | aT? aT? aT?!

—t eV — A+t U —+t—+Uh——+tw—=0 (26
ot X 9u X 9v X * au X gv (2.6)

Separating by derivatives of u and v, we have
1 2
ov ou

X a_Tl + a_TZ =
ou ov
1 2
oT” o1t
ot X

Ve o €2 0 2.7)

=0
In terms of invariants, (2.7) become
€L My + €53 Ay
dC3 ac,
gfrtes il + I _ 0 (2.8)
dc, G
oty oty oy
ac,  dc;  dCs

=0

=0

It is now a matter of solving (2.8); we utilize some ad hoc method here.

Without delving into the details, it can be shown that a solution is given by
fy =f(\ c) + 9w, c), fo = H(cy) — (g — )

for some functions f, g, and H, where A = ¢, + €8 and p = ¢, — €%. Also,

the following equations are satisfied:

ig , 1 9g _ oD
22 +2g+H +H-D SN - =
ac, ~ %9 (A ) + 35 (0 u«)(alLL ax) 0

andf +g=—H + D.
We consider the following two cases.
2.11. 9glop = O, H = ¢,

We obtain D = L(p)/(\ — p)?, g = —% ¢, + Ke™®, where L is some
function of w and K is constant. Thus, f = —4¢; — Ke ™ + L(p)/(\ —
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w? Then, f; = —c; + L(w)/(N\ — w)? and f, = ¢, — €1[2Ke & —
L(w)/(N — w)3. The conserved vector (T2, T?) is then given by

T!= —x—Int + (28Vv)2L(u — v&) (2.9)
1 K L
T2==|x+Int— X TNz
t[x nt te(e& (zewy)}
We thus get
DTt + D,T? = 4L_V2 [e72W — v — €7 (v — W]

provided that

L L

“y + e 2] — - ==
X 1~ 2o " av

L,
§$m (2.10)

and L’ # 0. That is, uy = €*Uy has nonlocal symmetry X with associated
nonloca conservation law with components given by (2.9) subject to (2.10).
211. g=p, H + H=0(H = K e, K constant)

We now obtain 2 — D + Z(A — w)(1 — 9D/dN) = 0, so that

D\ — p)? = % A3+ A% — 3pd\ + L(p)

for some function L(). Thus,

_1
12

g=C, — €3, f=-Ke%2—c,+e3+D

D [-c3e 23 + 7ci e = + Bc, — 56%] + % g (211)

and
ff=-Ke+D

f,=Ke @+ e1[Ke ™™+ 2¢, — 268 — D]

Finally, the components of the conserved vector are

K 1 us u? L(u—ve)
Tl=—Z=+ 2| - +7— +5u-— + o
ter 12 [ V2 e Ve Su 5ve?<] 4v? e~
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and

3 2
T2 = K+e*<£+2u—2e*v—i[—“ 7u—+5u—5ve?<]

t2 e t e 12| e
L(u—vex)
4v? e

Thevector (T?, T?) isanonlocal conserved vector associated with X for (1.1) if

L+ = [2‘“+2—"X+1]=o
v el Y

2.2. ¢(x) = x

We now consider the case c¢(x) = x; the corresponding first-order system
becomes

vy = X2V, U, = Vg (2.12)
The corresponding conservation law (1.6) is
1 1 1 2 2 2
£+x2vxﬂ+ £+£+UX£+VX£=O (2.13)
ot Jau ov X au v

which separates into

1 2

U - £+£:O
ov Jdu
1 2

Ve o x2%+aai\/=0 (2.14)

1 2

T T _
ot X

Wefirst find (T?, T?) associated with X = x 9/0x — v /v, i.e., (1.10) becomes

1 1 2 2
oX v oX ov

The characteristic form implies

Tl o) TP =i o) 215)

wherec; = t, ¢, = u, and c; = xv.
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Differentiating (2.14a) and (2.14b) gives
aZTl _ X2 aZTl aZTZ _ X2 aZTZ
V2 oud’ V2 U2

and substituting (2.15), this pair becomes
PO W e S
ach acs’ ac3 acs
As x cannot be written in terms of the ¢;, we separate by powers of x, so that
fi = Alc)c, + B(e)cs + D(c),  f2 = P(cy)c, + Q(cy)cs + R(cy)
Then

T = )—];[A(t)u + B(t)xv + D(1)], T2 = P(t)u + Q(t)xv + R(t)

and satisfying (2.14c) yields A’ = D' = 0and B’ + Q = 0. Thus,
DT + D, T2 = Ay + Q(t)x%v, + x(B(t)v; + P(t)u,) + xv(B' + Q)
We may choose Q = 1. Thus, A= —1,B = —t, and P = t, so that

T1=—)—1((u+txv), T2 =1tu+ xv

associated with x 9/0x — v d/9v.

We present a summary of the calculations regarding the other symme-
tries. An analysis using the symmetry generator u d/du + v d/av of (2.12)
yields functions independent of v so that any possible conserved quantity is
not nonlocal for Uy = XUy,

Also, alinear combination of the above symmetries, viz., xa/ox + 4 ud/
ou — 1 valay, yields T* = 1x fi(cy, C,, C3) and T2 = fy(cy, ¢y, C3), Where ¢,
= uw2/x, ¢, = t, and c; = xv2. Proceeding as above, it can be shown that f;
and f, satisfy partial differential equations that yield

fy = 4A1(C2)/CaCy + 2D4(Cy)/Cs + 2By(C)/C1 + Ex(Cy)
f, = 4Ax(C2)J/CoC1 + 2D5(C2)/Cs + 2By(Cy)/Cr + E(Cy)

and therefore

11 1
T =~ [4Ay(Ow + 2D, (H)vy/X + 2B, (t)u N + Eq(t)]
T2 = AAJt\VU + 2D,(tV/X + 2B(DU —= + Ext)

i
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subject to D, + 2D; = 0, 2B; — B, = 0, and A, E; constants. The coeffi-
cients need to be satisfied after substitution into (1.6) aong the solutions
of (2.12).
Finally, the symmetry 2tx 9/0x + 2 In x /ot + (tu — xv) d/ou — (tv +
u/x)alav give rise to the associated symmetry condition on (T2, T?) given by
aT? aT? T! ( u) aT? 2

2tx—+2|nx—+(tu—xv)6—— tv+-|—+2T'—=T2=0
0X ot Ju X/ oV X

2 2 2 2
2tx£+2|nx£+(tu—xv)£— tv+9 £—2xT1=O
X ot ou X/ oV

which is a coupled system and requires a more elaborate analysis than
done above.

23. c(X) =x""m=+#0,1

Another interesting case, considered by Anco and Bluman (1996), is
c(X) = X™, m# 0, 1, we briefly consider the corresponding first-order system

U = X2V, Uy =V (2.16)

whose conservation law (1.6) (after separating the *coefficients' of u, and
V,) gives rise to the system

2T1 2Tl 2T2 272 1 2

6T2:X2maT2, 6T2=X2maT2, ﬂzﬂ (217)

oV Jau Vv Jau ot X
The association condition (1.10) of (T, T?) with x a/ox + (1 — m) a/at —
mv d/9v reduces (2.17a), (2.17b) to

0%y, 0%y I’ 0%,

a3 93’ 9k ach

Where Tl = (]JX) fl(cll C2! C3)! TZ = Xm_lfz(clv C21 C3) and Cl = txm_la CZ =
u, ¢ = vx™ so that

T = )—l( [A(u + vx™, tx™ 1) + By(u — vx™, tx™ )]

T2 = x™ YA (U + vx™, tx™ 1) + By(u — vx™, tx™ 1]

Substituting these forms into (2.17c) and solving provides the following
additional form for T2

T2 = XM YP,(tx™ ) (U + vx™) + Ry(tx™ ) (u — vx™) + Sy(tx™ )]

subject to 0A/dc, = —aB4/dc,. The final choices for A, By, P,, Ry, and S,
are made on substituting (T?, T?) into (1.6) along the solutions of (2.16).



2512 Kara and Qu

3. REMARKS

We have shown that a class of conservation laws for wave equations
with variable speeds can be constructed from nonlocal symmetries of the
equation using some recent results concerning the association of symmetries
with conservation laws. These are specific nonlocal symmetries, viz., potential
symmetries, asthese are Lie—Backlund symmetry generators of the equivalent
system of first-order equations.
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